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Aircraft simplified beam finite element models, also known as stick models, are commonly used in aircraft design

andmultidisciplinary design optimization. Accurate prediction of bending and twisting deformations of the aircraft

structure in flight highly depends on the accuracy of the stiffness characteristics in its model. The process of

generating a stickmodel depends on extracting the stiffness properties of themain structure and applying it to a set of

beam elements extending along the structure’s elastic axis. The present paper proposes a new methodology for

extracting accurate bending stiffness properties of an aircraft wing using its 3-D finite element model. The paper

reviews the different methodologies commonly used in the industry to generate stick models and gives an insight

about the different approximations involved in each methodology and the impact of those approximations on the

accuracy of the stick model performance. To validate the proposed methodology, the stick model of the DLR-F6

aircraft wing-box structure is generated using the proposed methodology and also using the methods available in

literature. Deformations experienced by the generated stick models are compared with those obtained from the 3-D

finite element model of the DLR-F6 aircraft wing box under the same loading condition. The results show that the

stick model generated using the proposed methodology is in good agreement with the 3-D finite element model

confirming its accuracy.

Nomenclature

A = cross-section area, in:2

Ast = stringer cross-section area, in:2

ba = stringer upper flange width, in.
be = effective panel width, in.
bf = stringer flange width, in.
bs = stringer pitch, stiffened panel skin width, in.
bw = stringer web width, in.
C = correction factor, in.
cj = local chord length at jth wing station, in.
cs = local chord length, in.
Dx, Dy, Dz = displacement deformations in x, y, and z

directions, respectively, in.
dA = infinitesimal area element
dF = infinitesimal force component
E = modulus of elasticity, lb=in:2

Esk = skin modulus of elasticity, lb=in:2

Etsk = skin tangent modulus of elasticity, lb=in:2

G = modulus of rigidity, lb=in:2

hs = thickness of the wing (thickness of the airfoil),
in.

Ix, Iy, Iz = second moment of inertia about the x, y, z axes,
respectively, in:4

Ixz = product moment of inertia, in:4

Iy = torsional moment of inertia, in:4

Ixp , Iyp , Izp = second moment of inertia about the xp, yp and
zp principal axes, respectively, in:

4

Kx, Kz = area shear factors in the x and z directions,
respectively

K1, K2 = area shear factors in the 1 and 2 bending axes
directions, respectively

k = skin buckling coefficient.
L = length of beam element, in.
Mb = bending moment, lb � in:
Mx,My,Mz = moment around general axes x, y and z,

respectively, lb � in:
N = axial load intensity, lb � in:
s� = wing semispan, in.
ta = thickness of z-stringer upper flange, in.
tf = thickness of z-stringer lower flange, in.
ts = thickness of stiffened panel skin thickness, in.
tw = thickness of z-stringer web, in.
�X�i , �Z

�
j = x and z coordinates of the centroid of the jth

wing station in the wing coordinate system
�X�i;j, �Z

�
i;j = x and z coordinates of the ith stringer in the jth

wing station in the wing coordinate system
x, y, z = general axes
xi;j, yi;j, zi;j = axes of the local coordinate system defined to

analyze the ith stringer in the jth station.
xp, yp, zp = principal axes
xt, yt, zt = coordinates of the tip point before deformation
x0t, y

0
t, z
0
t = coordinates of the tip point after deformation

x00t , y
00
t , z
00
t = coordinates of the tip point after deformation in

the decoupled system
y�j = y coordinate of the j station in the wing

coordinate system
� = plasticity coefficient
�j = normalized wing span coordinate of Jth station
�x, �y, �z = deformation rotational angle around the x, y and

z axes
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�xp , �yp , �zp = deformation rotational angle around the xp, yp
and zp-principal axes

�sk = skin axial stress, lb=in:2

�x, �y, �z = deformation rotational angle around the x, y and
z axes of the decoupled system

I. Introduction

D EFORMATIONS of aircraft’s structure during flight have a
significant effect on the aerodynamic performance of the

aircraft. The process of aircraft wing design is multidisciplinary in
nature [1–5]. The aerodynamic loads can be used for preliminary
sizing of the wing structure. The preliminary dimensions of the wing
structure can be used to generate the structural model.

Different levels of structural modeling are presented in Fig. 1. A
3-D finite element model (FEM) is always prepared once the wing’s
layout and structural details are obtained. The 3-D FEM is com-
monly used in structural design validation and optimization. Multi-
disciplinary design optimization (MDO) of an aircraft wing is an
iterative process between the structure’s discipline represented by its
FEM and the aerodynamic discipline. Imposing a complex 3-D FEM
in a multidisciplinary iterative process is quite cumbersome and
expensive. Alternatively, a simplified lower fidelity beam FEM of
the aircraft’s structure can be generated and employed in the MDO
algorithm. The difficulty is to develop models that are sufficiently
simple to be called thousands of times during MDO, but are
sophisticated enough to accurately predict wing deformations.

Abdo et al. [6–9] presented twomethodologies to createwing stick
models of known wing structures. Their methodologies are based on
extracting the structural stiffness of the wing with respect to its
principal axes. Those stiffness properties are then employed to
generate thewing stickmodel.We see that the limitation of those two
methodologies is their dependency on the principal axes as a main
condition for extracting high accuracy inertia. Although the process
of determining the geometrical principal axes of a structure is
straightforward, the complexity of the aircraft wing structure makes
this process quite complicated. The stick model is generally created
along thewing elastic axis. This applies a geometrical constraint that
the stick model principal torsional axis is the wing elastic axis. It is
well known that the elastic axis of the wing is tilted from the aircraft
wing layout coordinate system due to the dihedral angle, twist of the
wing, and the wing sweep. This titling places the bending principal
coordinate axes of the stick model in a plane that is tilted from the
wing layout coordinate system bending plane. Keeping in mind the
taper of the numerous elements of the wing in the spanwise direction
makes the process described above a challenge. Alternatively,
approximate methods are typically used in the industry to determine
those principal axes which, according to our study in the current
paper, generate unsatisfactory results.

Other methods are also available in the literature for model
reduction. Guyan [10] developed a mathematical methodology for

the reduction of the stiffness and mass matrices of a structure to
develop the reduced model. A review of [11–14] reveals that the
reduced mass and stiffness matrices of the structures do not provide
any information about the real physical distribution of the parameters
along the real structure. Such distribution is of great importance to
check the accuracy of the reduced system. Moreover, although the
process ofmatrix computations is useful in simple structures, using it
for complex structures makes the analysis quite expensive. Hashemi-
Kia and Toossi [15] developed a technique for reducing airframe
FEMs for dynamics analysis and solved some of the problems
addressed in [11–14] in which they linked the mass and stiffness
characteristics with the physical structure.

The thin walled structural analysis program (TWSAP) is a code
developed at Bombardier Aerospace [16]. It calculates sectional
properties analyticallywith respect to the 3-Dwing layout coordinate
system. The limitation of using the properties generated by the
TWSAP is that it constrains the orientation of the stick model
elements to be in the structural layout coordinate direction to insure
the accuracy of the stick model. But the fact that the stick model is
always generated along the structural elastic axis which is deviated
from the structural layout coordinate reduces the accuracy of the stick
model. Trying to generate the stick model to have a similar orien-
tation of the wing layout coordinate system generates a discon-
tinuous series of beam elements because the stick model should be
generated within the envelope of the wing.

In this paper, we propose a new methodology to extract the
stiffness properties of cantilevered complex structureswith respect to
any assumed coordinate system. A 3-D FEM of the main structure is
the platform of our analysis. The method is validated by generating
the stick model of the DLR-F6 wing 3-D FEM. The static defor-
mations experienced by the 3-D FEM and the stick model generated
by the proposed methodology and other methodologies used in the
industry are presented and compared. The results obtained from our
stick model are in good agreement with those of the 3-D FEM. The
results show the simplicity and the accuracy of the newmethodology.

II. Proposed Methodology

In this study a methodology to develop an accurate and efficient
stick model is presented for a simple beam element. The method-
ology is then employed to extract the stick model of the DLR-F6
aircraft’s wing box.

Consider the fixed-free beam element shown in Fig. 2. The
principal coordinate systemOp is located at the centroid of the fixed
end cross-section area. Axes xp and zp present the beam bending
principal axes and yp is its torsional principal axis.

The second moment of inertia of this beam around the xp axis can
be easily determined by applying a unit moment at its tip (free end)
around the xp axis and calculating the corresponding angle of
rotation �xp . Then, the principal moment of inertia around the xp axis

can be easily calculated as

Ixp �
1

E

L

j�xp j
(1)

We emphasize here the simple fact that applying a moment around a
principal axis does not generate any coupled deformations, that is,
the only deformation encountered here is around the xp axis.

Similarly, the principal moment of inertia around the yp and zp
axes can be calculated as

Fig. 1 Different levels of structural modeling.

zp

xp

yp

Op
Tip 

Fig. 2 Schematic drawing of a fixed-free beam element.
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Izp �
1

E

L

j�zp j
(2)

Iyp �
1

G

L

j�yp j
(3)

where G and E are the beam material shear and elasticity modulii,
respectively, L is the length of the beam element, and �yp and �zp are

the deformation rotational angles around yp and zp axes, respec-
tively, due to unit moments.

Now, another analysis coordinate system o0p with axes �x; yp; z�
shown in Fig. 3 is considered where x and z are two general bending
axes while the torsional axis is maintained as principal.

In this case, a moment around the x axis (Mx) or around the z axis
(Mz) generates rotations around both x and z axes as x and z are not
principal axes. Thus we can write [17]

Mx �
E

L
��xIx � �zIxz� (4)

Mz �
E

L
��zIz � �xIxz� (5)

where Ixz is the product moment of inertia. Applying a unit bending
moment around the x axis (Mx � 1, My � 0, Mz � 0) and
considering Eqs. (4) and (5) results in

1� E
L
��xIx � �zIxz� (6a)

0� E
L
���zIz � �xIxz� (6b)

The negative sign in the �z angle is due to the fact that a positive
moment around the x axis generates a negative rotation angle around
the z axis. Coupling Eqs. (6a) and (6b) results in

L

E�z
� �x
�z
Ix �

�z
�x
Iz (7)

Similarly applying a unit moment around the z axis (Mx � 0,
My � 0,Mz � 1) and considering Eqs. (4) and (5) results in

0� E
L
���0xIx � �0zIxz� (8a)

1� E
L
��0zIz � �0xIxz� (8b)

Coupling Eqs. (8a) and (8b) results in

L

E�0x
�� �

0
x

�0z
Ix �

�0z
�0x
Iz (9)

Solving Eqs. (7) and (9) simultaneously, results in

Ix �
L

E

2
4
�
�0z
�0x�z
� �z

�0x�x

�
�
�0z�x
�0x�z
� �0x�z

�0z�x

�
3
5 (10a)

Iz �
L

E

2
4
�
�0x
�0z�z
� �x

�0x�z

�
�
�0z�x
�0x�z
� �0x�z

�0z�x

�
3
5 (10b)

Ixz �
L

E

2
4
�

1
�z
� �z

�0z�x

�
�
�0z�x
�0x�z
� �0x�z

�0z�x

�
3
5 (10c)

The torsional stiffness can be calculated using Eq. (3), as the
torsional axis remains principal in this case. It is worth mentioning
here that the previous analysis is based on a simple beam theory,
where Euler–Bernoulli beam assumptions are presumed.

The basic function of the stick model is to present accurate
predictions of the real structure deformations when it is subjected to
similar loading. It is basically used in the multidisciplinary design
optimization algorithm to calculate the convergence of the aero-
dynamic loads before passing the load case to the real structural
optimization algorithm to optimize the structural variables. Based on
that, at a specific wing station, under the same loading, the shear
center of the real structure and the corresponding point on the stick
model should deform to the same coordinate in the space. This
property can be enforced using a 3-D rigid body transformation.
Then, a correction factor is generated to modify the rigid body
deformation to the elastic deformations. This process is explained
next.

Let us consider a beam element in which none of its principal axes
is known. Instead an arbitrary analysis coordinate system with any
defined orientation is assumed. As shown in Fig. 4, a general analysis
coordinate systemO, in which none of its axes �x; y; z� is a principal
axis, is defined. In other words, a moment applied on the beam in
Fig. 4 around the x axis will generate deformation rotational angles
around the x, y, and z axes.

Applying a moment Mx around the x axis at the tip of the beam
shown in Fig. 4 causes the tip to experience three rotational defor-
mations of �x, �y, and �z. Assume that the undeformed coordinate of
the tip point of the beam in Fig. 4with respect to coordinate systemO
is �xt; yt; zt�; then its new coordinate after deformation may be
obtained as

2
66666

x0t

y0t

z0t

3
77777
� C �

1 0 0

0 cos��x� � sin��x�
0 sin��x� cos��x�

2
64

3
75

�
cos��y� 0 sin��y�

0 1 0

� sin��y� 0 cos��y�

2
64

3
75 �

cos��z� � sin��z� 0

sin��z� cos��z� 0

0 0 1

2
64

3
75

�

2
66666

xt

yt

zt

3
77777

(11)

where C is a correction factor to evaluate elastic deformations based
on rigid body deformations. This correction factor is found to be 0.5.
To illustrate this, let us examine a special case with principal
coordinate axes as shown in Fig. 2. Using a simple beam theory, it is
well known that applying amomentM around the xp axis at the tip of

z

x

yp

'op
Tip 

Fig. 3 Schematic drawing of a fixed-free beam element with a

coordinate system (two general bending axes and a principal torsional

axis) attached at the centroid of the fixed end.

z

x

y

O Tip 

Fig. 4 Schematic drawing of a fixed-free beam element with a general

coordinate system attached at the centroid of the fixed end.
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an elastic beam yields the following tip displacement along the zp
axis:

zp�L� �
1

2

ML2

EIxp
(12)

Because the xp axis is a principal axis, the centroid of the tip will
experience only rotation angle �xp as the 3 rotational degrees of

freedom of the tip grid point are decoupled with respect to the
assumed analysis principal coordinate system. If a point p on the
zp–yp plane with coordinate �xp; yp; zp� experiences a rotation �xp
around the x axis, the new coordinate �x0p; y0p; z0p� can be obtained
from simple transformation as

2
666
x0p
y0p
z0p

3
777�

1 0 0

0 cos��xp� � sin��xp�
0 sin��xp � cos��xp�

2
4

3
5
2
666
xp
yp
zp

3
777 (13)

If the pointp is located at the centroid of the cross section of the beam
tip, in Fig. 2, then (xp � zp � 0 and yp � L); then after a rotation of
�xp , the new coordinates can be calculated as

2
666
x0p
y0p
z0p

3
777�

1 0 0

0 cos��xp� � sin��xp�
0 sin��xp� cos��xp�

2
4

3
5
2
666
0

L
0

3
777 (14)

For small rotation angles, cos��xp� � 1 and sin��xp� � �xp , then, a
change in the point location along the zp axis can be expressed as

z0p�L� � �xpL (15)

where the angle �xp can be expressed as

�xp �
ML

EIxp
(16)

Substituting Eq. (16) into Eq. (15) yields

z0p�L� �
ML2

EIxp
(17)

Equation (17) provides the tip deflection obtained from rigid body
transformation based on the elastic rotational angle induced by the
moment about the xp axis. However, Eq. (12) provides elastic
deformation obtained by the Euler–Bernoulli beam theory. Now to
make sure that rigid body transformation methodology produces the
same elastic deformation result, the right-hand side of Eq. (17)
should be multiplied by 0.5 which implies that Eq. (13) be revised as

2
666
x0p
y0p
z0p

3
777�

1

2

1 0 0

0 cos��x� � sin��x�
0 sin��x� cos��x�

2
4

3
5
2
666
xp
yp
zp

3
777 (18)

The same applies to Eq. (11) for the general case, which results in
2
66666

x0t

y0t

z0t

3
77777
� 1

2
�

1 0 0

0 cos��x� � sin��x�
0 sin��x� cos��x�

2
64

3
75

�
cos��y� 0 sin��y�

0 1 0

� sin��y� 0 cos��y�

2
64

3
75 �

cos��z� � sin��z� 0

sin��z� cos��z� 0

0 0 1

2
64

3
75

�

2
66666

xt

yt

zt

3
77777

(19)

Assume that the beam element in Fig. 4 is replaced by a new beam
element that is oriented to the shown coordinate system in such away

that the y axis presents its principal torsional axis. Applying a
moment around the x axis generates three deformations to the
original beam element, as previously explained, but generates only
two bending deformation angles on the new beam element, as the
torsional degree of freedom is decoupled from the bending degrees of
freedom in the new beam element. This modifies Eq. (19) to include
only two deformation angles, �x and �z, while �y � 0. Thus Eq. (19)
becomes

2
66666

x0t

y0t

z0t

3
77777
� 1

2
�

1 0 0

0 cos��x� � sin��x�
0 sin��x� cos��x�

2
64

3
75

�
cos��z� � sin��z� 0

sin��z� cos��z� 0

0 0 1

2
64

3
75 �

2
66666

xt

yt

zt

3
77777

(20)

Information about the undeformed coordinate of the original beam
tip and its deformed coordinate enables us, using Eq. (20), to
calculate the bending deformations that the new model has to
experience to reach the same deformed coordinate in space similar to
the original beam, under the same loading.

As previously shown, using the coordinate system where x and z
are two general bending axes and y is a principal torsional axis, one
can easily obtain the second and product moment of inertias using
Eq. (10) provided that angles �x, �z and �0x, �

0
z are known. Con-

sidering two load cases of (Mx � 1, My � 0, Mz � 0) and (Mx�
0,My � 0,Mz � 1) on the beam element in Fig. 4, one can calculate
the final deformed coordinate of the beam tip. Using these
coordinates the bending deformation angles �x, �z and �

0
x, �

0
z of the

new beam element can be computed using Eq. (20).
By a similar analogy, the same concept can be applied to the

aircraft wing structure and its stick model. Let us assume that the
beam element in Fig. 4 is the real structure of the aircraft wing, and
the task is to replace that beam element by another beam element
which represents the stick model, with axis y, in Fig. 4, representing
the extension of the wing elastic axis within one wing bay. Because
the y axis of Fig. 4 represents the elastic axis of thewing, it is also the
principal torsional axis of the stick model within that wing bay. If we
have the 3-D FEM of the aircraft wing and we need to generate its
stick model, we simply can define a coordinate system at each wing
station with one of its axes extending along thewing elastic axis (this
is considered the principal torsional axis of the stick model) and its
origin is at the wing station shear center. Applying a unit moment
around the defined axes enables the calculation of thewing deformed
displacements. These displacements can be used in Eq. (20) to find
the bending deformations of the stick model which can be used in
Eq. (10) to calculate the stickmodel equivalent bending stiffnesses. It
should be noted that the proposed methodology modifies the
extraction process of the bending stiffness of the stick model while
the torsional stiffness is predicted using the approximated method-
ology presented in [1,2]. The proposed methodology to predict the
bending stiffnesseswill be shown to enhance thefinal performance of
the stick model significantly.

III. Validation of the Proposed Methodology

Tovalidate the newmethodology a 3-DFEMof theDLR-F6wing-
box structure has been created as shown inFig. 5. Thewing box of the
DLR-F6 is divided into 22 stations, where a local optimization of the
dimensions of the wing-box components at each wing station is
conducted to size the wing box. The objective function of the
optimization is the mass minimization while all other dimensions of
thewing-box cross sections are related to the designvariables by a set
of empirical equations aimed to maximize the stiffness of the wing
box [18]. The design variables of the optimization process are the
skin thickness and the stringer’s pitches. A set of stability and
strength constraints are placed. For full details about the 3-D FEM of
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the DLR-F6 aircraft used in this paper and the optimization process,
the reader is referred to [19].

The stick model of this 3-D FEM is generated using the method-
ologies available in literature as well as using the proposed
methodology described in Sec. II. The performance of the generated
stick models is compared with that of the 3-D FEM in the form of
bending and twisting deformations with respect to the same load
case, as described next.

A. Analytical Procedure to Generate Wing Stick Model (Method I)

The traditional procedure to obtain the moments of inertia of a
structure is that once the wing’s layout and structural details are
obtained, the wing cross-sectional properties can be calculated
analytically.

Figure 6 shows the detailed dimensions, geometry, and modeling
coordinate systems of the DLR-F6 aircraft. Also it shows the
geometrical points of the airfoil sections of the aircraft’s left wing in
its wing coordinate system. Consider the airfoil section of thewing at
station j, located at an arbitrary normalized coordinate �j along the
wing span, where �j � y�j =s�, where y�j is the y coordinate of the jth
wing station in the wing coordinate system, while s� is the semispan
of the DLR-F6 aircraft.

A wing cross section at any arbitrary wing station j is shown in
Fig. 7 in which three main points are defined: namely, the quarter
chord point (qc), the shear center (sc) of the airfoil cross section, and
the centroid of the airfoil cross-sectional area (CG). The quarter
chord point (qc) is located at a distance cj=4 measured from the
leading edge in the horizontal direction, where cj is the local
chord length at wing station j. Also a local coordinate system
oi;j�xi;j; yi;j; zi;j� is definedwith its origin located at the centroid of an
arbitrary stringer (i) of coordinate � �X�i;j; s��j; �Z�i;j� defined in the
wing coordinate system. The axes of this coordinate system are
showing the principal directions of the z-shaped stringer.

Because the stringers are assumed to carry the bulk of bending in
skin-stringer sections, only the areas of the stringers as shown in

Fig. 7 are used in the calculation of the section centroid. Figure 8
shows different dimensions of the “Z”-type stringer.

The wing cross-sectional inertia properties can easily be
determined with respect to the coordinate system located at the
centroids of each section and parallel to the wing layout coordinate
system. Also the cross-section area of the wing box at each station
can easily be calculated.

The shear factors considered for the shear deformations in the
wing box are calculated using the following relations [20]:

Kz �
Z
A

S2xA

I2xb
2
dA and Kx �

Z
A

S2zA

I2z b
2
dA (21)

where S is the static moment of the cross-sectional area above the
principal axis perpendicular to the direction of the shear deformation,
A is the cross-section area of the wing-box station, while b is the
breadth at the centroid.

It should be noted that there is an approximation in this analytical
methodology as it is assumed that the orientation of the stick model
beam element is in the same direction as the orientation of the wing
layout coordinate systemwhich is not accurate. The reason is that the
taperness in the different parts of the wing box, the dihedral angle,
and the twisted geometry of the wing prevent the coincidence
between the elastic axis and the wing layout torsional axis. This will
cause coupling between the torsional degrees of freedom and the
2 bending degrees of freedom which subsequently generate errors.

The cross-sectional properties of the DLR-F6 aircraft wing box
along the wing span are calculated analytically and provided in
Table 1.

NASTRAN Implementations: The stick model of the aircraft wing
box at each wing bay is modeled by a beam element along the bay
elastic axis with approximate beam properties at the two stations of
that particular bay as shown in Fig. 9. The stiffness properties of the
element at each bay section are extracted from Table 1 to generate
the property cards required as an input in NASTRAN.

Fig. 5 3-D FEM of the DLR-F6 aircraft wing box created in PATRAN and analyzed in NASTRAN.
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Any kind of loading can be used to test the accuracy of the stick
model, but to be realistic, a load case of critical cruising conditions
generated by the computational fluid dynamics solution for the
wing–body–pylon–engine (wind mounted engine) case giving the
lift coefficient and pitching moment coefficient for the DLR-F6
aircraft wing at test conditions of Mach number 0.75, overall lift
coefficient 0.5, dihedral angle of�0:0111 deg, Reynolds number of
0.3E7, and altitude of 50,000 ft is used to test the accuracy of the stick
model.

The horizontal, twisting angle and vertical deformations of the
generated analytical stick model are compared with those obtained
from the 3-D FEM for the same load case, as shown in Figs. 10–12.
It should be noted that the deformations obtained in this paper are
simply based on linear static analysis and no static aeroelastic
analysis has been conducted.

As it can be realized, the results obtained from the stick model
generated based on the analytical analysis are not in good agreement
with those obtained by the 3-D FEM. This is mainly due to the fact
that the torsional principal axis of the beam elements used to generate
the stick model does not coincide with the wing torsional coordinate

of the wing layout which is the orientation used in the analytical
methodology to calculate the wing stiffness properties.

B. Wing Stick Model Extracted from the Full 3-D FEM (Method II)

The second methodology extracts the stiffness properties of the
beam model from the complete 3-D FEM of the wing box. The
method requires some processing in PATRAN and NASTRAN [18]
and it requires that the user be knowledgeable of both software
packages. The method assumes that the stiffness extraction process
begins by locating the shear center at each wing station where a local
coordinate system is created along the elastic axis as well as the
axes of the principal inertia. The limitation of this methodology is its
dependency on the principal directions to create the analysis co-
ordinate system, which cannot be created unless an approximation is
applied. This may generate undesirable results in some cases.

1. Equivalent Moments of Inertia of the Wing Box

Because this methodology assumes that the stiffness properties
will be generated along the principal axes, Eqs. (1–3) can be used to
find the following moment of inertias [18]:

Fig. 6 Detailed dimensions and geometry of the DLR-F6 aircraft along with its wing showing different airfoil sections [22].

Fig. 7 Wing cross section at an arbitrary wing station j.
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Fig. 8 Stiffened panel geometry definition using a Z-type stringer.
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�Ix�i!j �
1

E

������j � �i�S
�

��xj � �xi �

���� (22)

�Jy�i!j �
1

G

������j � �i�S
�

��yj � �yi�

���� (23)

�Iz�i!j �
1

E

������j � �i�S
�

��zj � �zi�

���� (24)

where �i and �j are the normalized station’s coordinates at stations i
and j, respectively, while �Ix�i!j, �Iy�i!j, and �Iz�i!j are the second
moments of inertia, equivalent to the bay extending between stations
i and j, with respect to the x, y, and z axes, respectively.

The equivalent cross-sectional area and equivalent shear factors
require further processing in NASTRAN and PATRAN which is
explained in the next section.

2. Equivalent EA’s and GK’s of the Wing Box

To evaluate the equivalent axial stiffness, EA, and the equivalent
shear stiffness, GK, of the wing box, it is necessary to evaluate the
equivalent cross-section area, A, and the equivalent shear factors, K,
at each wing station. The process of evaluating the distribution of
equivalent area and shear factors in the spanwise direction is different
from that of the bending and torsional stiffness evaluation. In this
process NASTRAN is executed for three load subcases for each
wing-box bay. In this process, the 3 degrees of freedom related to
rotation in all skin-stringers connectivity grid points at all wing
stations are frozen, while the translation degrees of freedom are
kept free. The elastic axis nodes are connected to the skin-stringer
connectivity grid points by RBE2 [21] elements with its dependent

degrees of freedom specified at the skin and its independent degrees
of freedom specified at the shear center grid points.

In the first subcase, a unit force in the y direction (the axial
direction) is applied at the bay shear center grid point, in order to
calculate the equivalent area, as follows:

�A�i!j �
1

E

������j � �i�S
�

�Dyj
�Dyi

�

���� (25)

where �A�i!j is the cross-sectional area equivalent to the bay
extending between stations i and j.

In the second subcase, the structure is loaded by a unit load at the
shear center in the z direction, to calculate the shear factor in the
z direction as follows:

�Kz�i!j �
1

GA

������j � �i�S
�

�Dzj
�Dzi

�

���� (26)

Similarly, the structure is loaded by a unit force in the x direction to
calculate the shear factor in the x direction, as follows;

�Kx�i!j �
1

GA

������j � �i�S
�

�Dxj
�Dxi

�

���� (27)

Table 1 Analytical calculations of cross-section properties along the DLR-F6 aircraft wing box

Station Ix, in:4 Iz, in:4 Iy, in:
4 Ixz, in:4 A, in:2 Kz Kx

1 4.2767e3 3.4059e4 38e3 �2:8803e3 31.0 0.211 1.01
2 3.2794e3 2.8709e4 31e3 �2:1267e3 30.1 0.252 1.012
3 2.5021e3 2.3969e4 25e3 �1:5271e3 29.5 0.233 0.984
4 1.8439e3 2.0188e4 22e3 �1:0778e3 28.2 0.234 0.835
5 1.3849e3 1.7091e4 18e3 �674:1277 26.11 0.235 0.87
6 887.3440 1.2731e4 13e3 �236:1660 26.05 0.206 0.91
7 663.2558 1.1312e4 12e3 �59:1673 26.02 0.215 0.85
8 520.1212 8.6682e3 9e3 �16:3241 23.01 0.203 0.837
9 446.8150 7.5715e3 8e3 2.3469 20.9 0.207 0.831
10 371.0782 6.4595e3 6.7e3 6.6140 18.8 0.208 0.81
11 301.2099 5.2220e3 5.5e3 7.3983 16.3 0.203 0.84
12 236.3099 4.0677e3 4.2e3 4.3473 13.7 0.199 0.84
13 179.7233 2.9837e3 3e3 4.9814 11.6 0.184 0.84
14 140.4200 2.4172e3 2.5e3 12.9593 9.9 0.183 0.83
15 100.6141 1.6890e3 1.7e3 5.1014 8.9 0.182 0.83
16 77.7788 1.3394e3 1.34e3 5.1876 6.1 0.171 0.83
17 67.2339 1.1887e3 1.19e3 12.9359 5.7 0.172 0.82
18 53.4311 943.3881 0.14e3 17.6004 5.5 0.175 0.77
19 45.3523 863.1392 0.9e3 22.5334 5.2 0.183 0.76
20 35.0668 666.8249 0.7e3 23.9796 4.8 0.171 0.71

Fig. 9 DLR-F6 aircraft wing-box stick model created in NASTRAN.

Fig. 10 Comparison between the horizontal deformation (x direction)

obtained from the 3-D FEM and the stick model based on the analytical

methodology.
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where D denotes the displacement deformation in the relative
direction. The generated equivalent moments of inertia, equivalent
cross-sectional areas, and the equivalent shear factors at each wing
bay are summarized in Table 2.

The stiffness properties presented in Table 2 are used to generate
the stick model of the DLR-F6 wing box. The generated stick model
deformations are compared with the deformations of the 3-D FEM
for the same previous load case as shown in Figs. 13–15.

It can be concluded from Figs. 13–15 that the stick model
generated based on the fullfinite elementmodel is also not accurately
representing the 3-D FEM. This is due to the approximation made to
create the analysis coordinate system along the principal axes.

C. Wing Stick Model Generation Using Empirical Relations

(Method III)

Amethodology to estimate the stiffness distribution of a newwing
using the stiffness distributions of Bombardier’s existing wings was
developed by Abdo et al. [6]. This methodology is based on a set of
empirical relations that are generated to predict the approximate
stiffness distribution of an arbitrary aircraft wing box. To obtain these
empirical relations, the stiffness extraction method described in

Sec. III.B has been used to extract the stiffness properties of four
Bombardier wings. The results obtained are employed to obtain
empirical relations that can be used to estimate the stiffness
distribution of a new wing. These relations could also be used to
compare the stiffness behavior of newly designed wings with the
existing ones or check the stiffness predicted by other methods. To
obtain the empirical relations that apply to all wings, they normalized
the data to collapse the stiffness distribution of all existing wings into
as tight a cloud of points as possible. Several normalization techni-
ques were investigated [6], and the results of one of those norma-
lization techniques were provided where the stiffness of the existing
wing structure is divided by the stiffness of a solid block material
bounded by the leading and trailing edge of the wing, which is
referred to as �EI�CATIA, as CATIAwas used for the calculation of the
wing stiffness values, as shown in Fig. 16. The empirical relations
obtained are then used to generate the stiffness properties of the
DLR-F6 aircraft wing box.

Figure 16 shows the airfoil sections of the DLR-F6 wing at 21
wing stations. At each wing station, the airfoil section is padded, and
then the stiffness of each wing section is calculated in CATIA.

The data obtained from CATIA are used along with the empirical
relations to predict the ideal stiffness properties of such aircraft wing
box.

For EIx the behavior of the normalized stiffness appeared to be
different outboard and inboard of the break in the planform.
Consequently, different relations were used to fit the data on the
inboard and outboard wings. The final empirical relation for the
normalized stiffness is as follows [6]:

�EIx�FEM
�EIx�CATIA

�RBreak�RRoot

�Break��Root
����Root��RRoot for �Root	�	�Break

�EIx�FEM
�EIx�CATIA

�RBreak for �Break	�	 1

(28)

where

�Break �
yBreak
S�

(29)

�Root �
yRoot
S�

(30)

where RRoot is the �EIx�FEM=�EIx�CATIA ratio at �� �Root, and RBreak

is the �EIx�FEM=�EIx�CATIA ratio at �� �Break. It was determined that
RRoot � 0:03 and RBreak � 0:1 provides an acceptable fit for all
airplanes.

Fig. 11 Comparison between the twisting angle deformations (around

y) obtained from the 3-D FEM and the stick model based on analytical
methodology.

Fig. 12 Comparison between the vertical deformations (z direction)

obtained from the 3-D FEM and the stick model based on analytical

methodology.

Table 2 DLR-F6 aircraft wing-box properties generated by method II

Bay Ix, in:
4 Iy, in:

4 Iz, in:
4 A, in:2 Kz Kx

1 4.2220e3 2.5894e4 1.0549e4 31.0505 0.2303 1.0244
2 3.3290e3 2.1679e4 0.8692e4 31.1960 0.2423 1.0150
3 2.5298e3 1.6881e4 0.6786e4 29.5022 0.2374 0.9807
4 1.9032e3 1.3030e4 0.5353e4 28.3718 0.2356 0.8337
5 1.3495e3 0.8151e4 0.3961e4 26.8366 0.2311 0.8602
6 1.0322e3 0.7390e4 0.3099e4 26.9245 0.221 0.8203
7 0.7285e3 0.5305e4 0.2335e4 26.2704 0.2190 0.8243
8 0.5558e3 0.4432e4 0.1774e4 23.3872 0.2048 0.8379
9 0.4592e3 0.3676e4 0.1477e4 20.9122 0.2075 0.8386
10 0.3814e3 0.3013e4 0.1213e4 18.8147 0.2056 0.8344
11 0.3071e3 0.2379e4 0.0958e4 16.3768 0.2014 0.8366
12 0.2367e3 0.1741e4 0.0716e4 13.7504 0.1935 0.8411
13 0.1850e3 0.1356e4 0.0553e4 11.6117 0.1879 0.8454
14 0.1440e3 0.1059e4 0.0431e4 9.9506 0.1890 0.8389
15 0.1156e3 0.0841e4 0.0348e4 8.9070 0.1827 0.8357
16 0.0812e3 0.0576e4 0.0233e4 6.8692 0.1792 0.8333
17 0.0610e3 0.0434e4 0.0177e4 5.7850 0.1788 0.8280
18 0.0497e3 0.0347e4 0.0145e4 5.3652 0.1790 0.7729
19 0.0406e3 0.0280e4 0.0119e4 5.0415 0.1814 0.7679
20 0.0329e3 0.0224e4 0.0098e4 4.9649 0.1728 0.7155
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For GIy the following empirical relations were developed:

�GIy�FEM
�GIy�CATIA

� 0:002 (31)

For EIz and the cross-sectional areas the following empirical
relations were developed:

�EIz�FEM
�EIz�CATIA

� 0:0103�� 0:007 (32)

�A�FEM
�A�Airfoil

� 0:1579�2 � 0:0136�� 0:0143 for 0 	 � < 0:65

�A�FEM
�A�Airfoil

� 0:1957�2 � 0:481�� 0:302 for 0:65 	 � 	 1

(33)

The previous empirical relations are used to predict the stiffness
properties of the DLR-F6 aircraft wing box. For the shear factors, the
results obtained using method II are used to complete the entries to
the beam element cards inNASTRANbecause there are no empirical
relations available to predict shear factors.

Fig. 13 Comparison between the horizontal deformations (x direction)

obtained from the 3-D FEM and the stick model based on the FEM
model.

Fig. 14 Comparison between the twisting angle deformations (around
y) obtained from the 3-D FEM and the stick model based on the FEM

model.

Fig. 15 Comparison between the vertical deformations (z direction)

obtained from the 3-D FEM and the stick model based on the FEM

model.

Fig. 16 DLR-F6 wing airfoil sections created in CATIA.

Fig. 17 Comparison between the horizontal deformations (x direction)

obtained from the 3-D FEM and the stick model based on the empirical

relation.

ELSAYED, SEDAGHATI, AND ABDO 2071



The generated stick model twisting angle and horizontal and
vertical deformations are compared with the 3-D FEM for the same
previous load case as shown in Figs. 17–19.

As it can be seen, the empirical formulations are not accurately
predicting thewing’s deformations in comparison to the 3-D FEM as
well. The reason is that the empirical formulas are generated based on
the stiffness properties of the aircrafts extracted using method II

which has its own approximation. Accumulation of approximations
decreases the accuracy of the results obtained which can be
concluded from Figs. 10–15 and 17–19.

D. Wing Stick Model Generated Using the Proposed Methodology
(Method IV)

The proposedmethodology explained in Sec. II is used to generate
the stiffness properties of the DLR-F6 aircraft wing box using
the developed 3-D FEM. The process needs some processing in
NASTRAN and PATRAN. Each wing bay is modeled by one beam
element extending along its elastic axis. The steps of extracting the
stiffness properties of each wing bay can be summarized as follows:

1)As shown in Fig. 20, a local coordinate system is createdwith its
origin located at the shear center of the wing bay station toward the
tip. The z axis of this local coordinate system is placed along the
elastic axis of the wing bay while the x axis is located horizontally in
the chordwise direction and the y axis is automatically generated in
the up direction perpendicular to the other two axes.

2) All the grid points at the bay station toward the wing root are
fixed. These include the grid points perpendicular to the assumed
torsional axis (the elastic axis) and the grid points in the assumed
bending plane (x–y plane).

3) The analysis coordinate system of the shear center grid point of
the bay station toward the tip is modified to be the local coordinate
system generated in step one, so the deformation angles experienced
by the shear center grid point can be retrieved in the proposed local
coordinate system.

4) Two load subcases of unit moments around the x and y axes are
created in NASTRAN.

5) The structural deformations encountered by the shear center
grid point at the wing station toward the tip due to applying the unit
moment around the x axis are obtained which are denoted by �x, �y,
and �z in Eq. (10). It should be realized here that there is a full
coupling between the 3 rotational degrees of freedom of the system.

6) To find the deformations that the equivalent system (the stick
model) will experience under the same loading, one must equate
Eq. (20) to Eq. (11), which enables the calculation of the two angles
�x and �y. One should realize that this step implies a decoupling
between the torsional degree of freedom and the 2 bending degrees of
freedom while the 2 bending degrees of freedom remain coupled as
discussed in Sec. II.

7) In the same manner, by applying the second load case, and
finding the corresponding deformations, one can calculate the other
two bending angles �0x and �

0
y.

8) The four deformation angles �x, �y, �
0
x, and �

0
y can now be used

to calculate Ix, Iy, and Ixy using Eq. (10).
9) To calculate the equivalent cross-sectional area A and the two

area shear factors K1 and K2, one can use the same methodology
defined in Sec. III.B.2 taking into account the analysis coordinate
system defined in step 1.

The sectional properties obtained using the proposed approach are
summarized in Table 3.

These sectional properties are employed to generate the stick
model. The performance of this stick model is compared with the

Fig. 18 Comparison between the twisting angle deformations (around

y) obtained from the 3-DFEMand the stickmodel based on the empirical
relation.

Fig. 19 Comparison between the vertical deformations (z direction)
obtained from the 3-D FEM and the stick model based on the empirical

relation.

Fig. 20 Schematic drawing of onewing bay in theDLR-F6wingwith its elastic axis and local coordinate system defined to extract its stiffness properties

using the new methodology. SC: shear center.
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Table 3 Sectional properties of the DLR-F6 wing box extracted using method IV

Bay Ix, in:
4 Iy, in:

4 Iz, in:
4 Ixy, in:

4 A, in:2 Ky Kx

1 6.4459e3 3.3682e4 4.0128e4 �5:1023e3 4.6286e1 0.15273 0.54340
2 4.8661e3 2.8821e4 3.3687e4 �4:0291e3 4.5083e1 0.16581 0.54752
3 3.5989e3 2.3657e4 2.7256e4 �3:0167e3 4.2674e1 0.16231 0.54802
4 2.6330e3 1.9530e4 2.2163e4 �2:2158e3 4.0825e1 0.16191 0.54730
5 1.6750e3 1.5627e4 1.7302e4 �8:9016e2 3.7393e1 0.16499 0.59805
6 2.6318e3 1.1176e4 1.3807e4 3.6839e3 3.2634e1 0.19079 0.56987
7 9.4449e2 1.0636e4 1.1581e4 �6:3648e2 3.8255e1 0.14898 0.53243
8 7.6597e2 8.2006e3 8.9666e3 �4:8764e2 3.2187e1 0.14803 0.57027
9 6.3685e2 6.9971e3 7.6340e3 �4:1283e2 2.9415e1 0.14672 0.55611
10 5.2715e2 5.9276e3 6.4548e3 �3:3987e2 2.6813e1 0.14346 0.54531
11 6.8708e2 6.1681e3 6.8552e3 �8:3770e2 3.3404e1 0.09848 0.40342
12 3.2606e2 3.7539e3 4.0800e3 �1:9538e2 2.0101e1 0.13174 0.53482
13 2.5122e2 2.8852e3 3.1364e3 �1:5099e2 1.7108e1 0.12674 0.53273
14 1.9586e2 2.3165e3 2.5124e3 �1:1977e2 1.4965e1 0.12488 0.51638
15 1.5540e2 1.8722e3 2.0276e3 �8:9971e1 1.3489e1 0.11989 0.51073
16 1.0962e2 1.3451e3 1.4547e3 �6:6677e1 1.0687e1 0.11441 0.49429
17 8.2216e1 1.0331e3 1.1153e3 �4:5459e1 9.2060 0.12074 0.48233
18 6.7170e1 8.5472e2 9.2189e2 �3:1691e1 8.6849 0.11776 0.47454
19 5.5144e1 7.3826e2 7.9341e2 �2:1855e1 8.4451 0.11566 0.45627
20 4.3715e1 6.1898e2 6.6269e2 �1:1611e1 7.9225 0.11669 0.45498

Fig. 21 Comparison between the horizontal deformations (x direction)
obtained from the 3-D FEM and the stick model based on the proposed

methodology.

Fig. 22 Comparison between the twisting angle deformations (around

y) obtained from the 3-D FEMand the stickmodel based on the proposed

methodology.

Fig. 23 Comparison between the vertical deformations (z direction)
obtained from the 3-D FEM and the stick model based on the proposed

methodology.

Fig. 24 Comparison between the horizontal deformations (x direction)

obtained from the 3-D FEM and the stick models (SM) based on

methods I–IV.
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performance of the 3-D FEM for the same previous load case, as
shown in Figs. 21–23.

As it can be realized excellent agreement exists between the twist-
ing angle and vertical deformation obtained from the stick model
generated based on the proposed approach and those obtained from
the 3-D FEM. It is interesting to note that horizontal deformation
evaluated based onmethods I–III does not agree at all with that based
on the 3-D FEM as shown in Figs. 10, 13, and 17; however, as it can
be seen from Fig. 21, the horizontal deformation obtained from the
stick model based on the proposed approach is in good agreement
with that of the 3-D FEM.

E. Comparison Between the Performance of the Stick Models

Generated by the Different Methodologies and the 3-D FEM

For the sake of easy comparison, deformations evaluated by stick
models based on methods I–III and the proposed stick model
(method IV) and also the results obtained by full 3-D FEMare shown
in Figs. 24–26.

As it can be realized fromFigs. 24–26 the results obtained from the
stickmodel generated by the proposedmethodology are in very good
agreement with those of the full 3-D FEM, thus confirming its high
accuracy. The model is efficient and accurate enough to be used in
static aeroelastic analysis.

IV. Conclusions

In this paper, the process of generating a wing stick model is
investigated. A new methodology for generating stick models with
higher accuracy thanmethods available in the literature is introduced
and compared with stick models generated using methodologies
adopted by the industry. It has been shown that the predicted wing
deformation results obtained from the stick model based on the new
methodology are in good agreement with those of the full 3-D finite
element model. The developed high accuracy stick model can be
effectively used for static aeroelasticity, design optimization, and
MDO.
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